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Abstract
Let O be a complete discrete valuation ring with unique maximal ideal () and residue class ﬁeld
k = O/(), and let  be an O-order. ¯ denotes the k-algebra /. In this paper, we study Heller
lattices of ¯-modules and investigate sufﬁcient conditions of their indecomposability (Theorem 2.9).
Also, we show that some short exact sequences of ¯-modules are, modulo direct summands of split
sequences, liftable to short exact sequences of -lattices (Theorem 3.2). In the ﬁnal section, we shall
apply our results on orders to the group ring = OG of a ﬁnite group G over O (Theorem 4.4).
© 2005 Elsevier B.V. All rights reserved.
MSC: 16G30; 16G70; 20C05
0. Introduction
Let (K,) ⊃ (K ′,′) be an extension of complete discrete valuation ﬁelds, and let O
(resp.O′) be a valuation ring of (resp.′)with uniquemaximal ideal () (resp. (′)) and the
residue class ﬁeld k=O/() (resp. k′ =O′/(′)). Then O ⊃ O′ is an extension of complete
discrete valuation rings and (′)= ()∩O′. Also, we regard k′ =O′/(′)(O′ + ())/()
as a subﬁeld of k = O/(). Let e be the ramiﬁcation index of  over ′, so e = ′v for
some unit v in O. Throughout this paper, we assume that e3, so (3) ⊇ (′).
Let G be a ﬁnite group and p a prime number dividing the order of G. Suppose that
(K,O, k) is a p-modular system and P is an indecomposable projective module over the
E-mail address: kawata@sci.osaka-cu.ac.jp.
0022-4049/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2005.02.008
56 S. Kawata / Journal of Pure and Applied Algebra 202 (2005) 55–71
integral group ring OG. The author showed in [7] that Rad(P ) is indecomposable if P
belongs to an OG-block of inﬁnite representation type, which is always the case unless a
defect group of the block is cyclic of order less than p3. The OG-module Rad(P ) is just
the Heller lattice (to be deﬁned below) of the simple kG-module P/Rad(P ). The present
study has begun to consider the above result for Heller lattices of arbitrary indecomposable
modules over kG and extended to the considerations on those lattices over orders. Indeed
one of our main results will give a sufﬁcient condition for the indecomposability of Heller
lattices over orders.
Now let ′ be an O′-order and set  = O⊗O′′. We denote by ¯ and ¯′ the k-algebra
/ and the k′-algebra ′/′′, respectively. In this paper, we assume that ¯′/Rad(¯′)
is separable, hence k⊗k′(¯′/Rad(¯′)) is semisimple and isomorphic to ¯/Rad(¯). LetM
be a ¯-module. Suppose that a-lattice P is a projective cover ofM viewed as a-module
and letZ=M be the Heller lattice ofM , where is the Heller operator in the category
of -modules. Namely, Z is the kernel of the projective cover P ofM : 0 → Z → P →
M → 0 (exact). By virtue of Schanuel’s lemma, the Heller lattice Z of M is uniquely
determined up to isomorphism. Note that P/P is a projective cover ofM as a ¯-module.
Now suppose that M is non-projective indecomposable. We shall show in Section 2 that
Z is indecomposable ifM is realizable over k′ and M is non-projective indecomposable
(Theorem 2.9). Here,  = ¯ is the Heller operator considered in the category of ﬁnite
dimensional ¯-modules [6], namely, M is the kernel of the projective cover P/P ofM
as a ¯-module: 0 → M → P/P → M → 0 (exact). Note that the assumption on M
above is automatically satisﬁed if ¯ is quasi-Frobenius algebra. Moreover, we shall show
in Section 3 that some short exact sequences of ¯-modules are liftable to those of-lattices
assuming that ¯′ is a quasi-Frobenius algebra.
The above assertions may possibly be true with a weaker assumption e2. However,
the Heller lattice Z is not necessary indecomposable when e = 1 (Remark 2.10). One
of the technical advantages of our assumption will be found in the proof of the fact that
Z/ZM ⊕ M (Proposition 2.2). This yields the following interesting result: If N is
another ¯-module which is realizable over k′ and Z˙ is the Heller lattice of −1N (hence
Z˙/Z˙−1N⊕N ), any ¯-homomorphism fromM toN is liftable to a-homomorphism
from Z to Z˙ (Proposition 3.1).
In Section 4, we consider the case where=OG, ¯= kG and (K,O, k) is a p-modular
system. It is known that theAuslander-Reiten translation of (kG) is 2 [1], while the one
of (OG) is OG [10], where (kG) and (OG) are the Auslander-Reiten quivers of kG
and OG, respectively. As an application of the results of Sections 2 and 3, we shall show
the following: Let M be a non-projective indecomposable kG-module which is realizable
over k′, and let A(Z) : 0 → OGZ → B → Z → 0 be an almost split sequence of
OG-lattices terminating in the Heller lattice Z of M . Then the reduced exact sequence
A(Z) : 0 → OGZ/OGZ → B/B → Z/Z → 0 of kG-modules is a direct sum
of an almost split sequence terminating in M and a split exact sequence: 0 → M →
M ⊕ M → M → 0 (Theorem 4.4).
Throughout this paper, all (or ¯)-modules are assumed to be ﬁnitely generated right
modules. A -lattice means a -module, which is ﬁnitely generated free as an O-module.
For a -lattice X and a subset  of X, O〈| ∈ 〉 denotes the O-submodule∑∈ O of
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X generated by , and 〈| ∈ 〉 denotes the -submodule ∑∈  of X generated
by . Also, we write Rad(X) for the radical of X.
For basic facts and terminologies used here, see the book of Nagao and Tsushima [9].
Concerning some results on theAuslander-Reiten theory, we refer to the books ofAuslander,
Reiten and SmalZ [2] and of Thévenaz [11].
1. Lattices over extended valuation rings
Let us set r = dimk′Rad(¯′) and t = dimk′¯′/Rad(¯′), where Rad(¯′) is the Jacobson
radical of ¯′. Note that dimkRad(¯) = r and dimk¯/Rad¯ = t since ¯′/Rad(¯′) is a
separable algebra, that is, k⊗k′ Rad(¯′)= Rad(¯) by our assumption.
Choose andﬁx anO′-basis {′i |1 i t}∪{	′i |1 i r} for′ such that {′i+Rad(′)|1
i t} is a k′-basis for the top ′/Rad(′) = ¯′/Rad(¯′) of ′/′′ = ¯′ and {	′i +
′′|1 ir} is a k′-basis forRad(′)/′′=Rad(¯′).Then {′′i |1 i t}∪{	′i |1 ir}
is an O′-basis for Rad(′). We set i = 1⊗ ′i ∈ O⊗O′′ =(1 i t) and 	i = 1⊗ 	′j ∈
(1 ir), so {i | 1 i t} ∪ {	i | 1 ir} forms an O-basis for . As ¯′/Rad(¯′) is
separable, {i |1  i t}∪{	i | 1 ir} is anO-basis for Rad(). Set I ′=O′〈	′i | 1 ir〉
and deﬁne
I = O⊗O′I ′ = O〈	i | 1 ir〉.
Throughout this section, we let X′ be a ′-lattice and set X = O⊗O′X′. Let  be the
Loewy length of X′/′X′ regarded as a ¯′-module. Now, let us deﬁne the ′-submodules
X′(i) (0 i) of X′ as follows:
X′(i) =X′(Rad(′))i + ′X′ =X′I ′i + ′X′.
So, the series of semisimple ¯′-modules
X′(0)/X
′
(1), X
′
(1)/X
′
(2), . . . , X
′
(−1)/X
′
()
is the Loewy series ofX′/′X′ regarded as a ¯′-module. Note thatX′(0)=X′,X′(1)=Rad(X′)
andX′()=′X′. Let di be the k′-dimension of the (i+ 1)st topX′(i)/X′(i+1) ofX′/′X′ for
0 i− 1.
Lemma 1.1. X′ has an O′-basis
⋃
0 i−1{x′i,j | 1jdi} satisfying the following con-
ditions for each 0 i− 1:
(i′) {x′i,j | 1jdi} ⊂ X′(i)\X′(i+1);
(ii′) {x′i,j +X′(i+1) | 1jdi} is a k′-basis for the (i + 1)st top X′(i)/X′(i+1) of X′/′X′;
(iii′) {x′i,j | 1jdi} ⊂ O′〈x′0,j | 1jd0〉I ′i .
Proof. Let x′0,j (1jd0) be elements in X′ such that {x′0,j + X′(1)|1jd0} is a k′-
basis for the topX′/X′(1) ofX′/′X′. Since x
′
0,j +′X′ (1jd0) generateX′/′X′ and
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X′(1) = X′I ′ + ′X′, we can choose elements x′1,j (1jd1) in X′(1) such that {x′1,j +
X′(2) | 1jd1} is a k′-basis for X′(1)/X′(2) and all x′1,j (1jd1) are in O′〈x′0,j | 1j
d0〉I ′. Inductively, we can choose elements x′i,j (1jdi) in X′(i) such that {x′i,j +
X′(i+1) | 1jdi} is a k′-basis for X′(i)/X′(i+1) and all x′i,j (1jdi) are in O′〈x′0,j |
1jd0〉I ′i . 
Choose and ﬁx an O′-basis
⋃
0 i−1{x′i,j | 1jdi} for X′ satisfying the conditions
in Lemma 1.1. Set
xi,j = 1⊗ x′i,j ∈ O⊗O′X′ =X
for 0 i−1 and 1jdi . Then⋃0 i−1{xi,j | 1jdi} is anO-basis forX. Deﬁne
the O-submodules X[i] (0 i− 1) of X as follows:
X[i] =
−1⊕
s=i
O〈xs,t | 1 tds〉.
Note that X[i] + ′X (0 i − 1) are -submodules of X since x′i,j′ ⊂ X′(i) =⊕−1
s=i O
′〈x′s,t | 1 tds〉 + ′X′, and X[i] + X is expressed as follows:
X[i] + X = 
(
i−1⊕
s=0
O〈xs,t | 1 tds〉
)
⊕
(
−1⊕
s=i
O〈xs,t | 1 tds〉
)
.
Lemma 1.2.
⋃
0 i−1{xi,j | 1jdi} is anO-basis forX satisfying the following con-
ditions for each 0 i− 1:
(i) {xi,j | 1jdi} ⊂ X[i]\X[i+1];
(ii) {xi,j + (X[i+1] + X) | 1jdi} is a k-basis for (X[i] + X)/(X[i+1] + X);
(iii) {xi,j | 1jdi} ⊂ O〈x0,j | 1jd0〉I i ;
(iv) xi,j ⊂ X[i] + ′X and xi,j I ⊂ X[i+1] + ′X.
Proof. From the deﬁnition of xi,j and Lemma 1.1, the assertion follows immediately. 
Lemma 1.3. For each 0 i−1, (X[i] +X)/X is the ith radical (X/X)(Rad(¯))i
of X/X and (X[i] + X)/(X[i+1] + X) is the (i + 1)st top of X/X.
Proof. By Lemma 1.2(ii), each ¯-module (X[i] + X)/(X[i+1] + X) has a k-basis
{x¯i,j | 1jdi}, where x¯i,j = xi,j + (X[i+1] + X) = 1 ⊗ x′i,j + (X[i+1] + X), and
it follows that (X[i] + X)/(X[i+1] + X)k⊗k′(X′(i)/X′(i+1)). Since ¯′/Rad(¯′) is sep-
arable, we see that (X[i] + X)/(X[i+1] + X) is semisimple. Also, (X[i] + X)/X
is contained in the ith radical of X/X from Lemma 1.2(iii). Hence the statement
holds. 
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Now, let {b′1, . . . , b′n} be a subset of X′(1) and set bi = 1⊗ b′i ∈ O⊗O′X′ =X(1 in).
Deﬁne -submodules Z and Y of X as follows:
Z = X + 〈b1, . . . , bn〉, Y = Rad(X)+ 〈b1, . . . , bn〉.
The following lemma will be used later.
Lemma 1.4. Assume that (′) ⊆ (3). Then, for any -endomorphism f of Z, we have
f (〈b1, . . . , bn〉) ⊂ Y . In particular, f induces a ¯-endomorphism of Z/Y .
Proof. SinceZ is O-free, f extends uniquely to a (K⊗O)-endomorphism f˜ ofK⊗OZ=
K⊗OX = K〈xi,j | 0 i − 1, 1jdi〉. Note that X ⊂ Z ⊂ X ⊂ K⊗OZ. As
f (X) ⊂ Z ⊂ X, we have f˜ (X) ⊂ −1X.
Now, since each bl (1 ln) is in X[1] + ′X ⊆ X[1] + 3X by our assumption that
(′) ⊆ (3), bl is of the form bl=∑1 jd0 x0,j
j+3u for some 
j ∈ I and some u ∈ X.
Hence f (bl)=∑1 jd0 f˜ (x0,j )
j +3f˜ (u). AsXI ⊂ 3X+∑1 i O〈xi,j | 1jdi〉
by Lemma 1.2 and f˜ (x0,j )f˜ (u) ∈ −1X, we see that
f (bl) ∈ Z ∩

2X +∑
1 i
K〈xi,j | 1jdi〉


= 2X +
∑
1 i
O〈xi,j | 1jdi〉 + 〈b1, . . . , bn〉= Y .
(Note that 〈b1, . . . , bn〉 is a -submodule of X[1] + 3X.) 
2. Indecomposability of Heller lattices
In the remainder of this paper, we letM ′ be a ¯′-module and setM = k⊗k′M ′. Assume
that a ′-lattice P ′ is a projective cover ofM ′ as a ′-module, and set P = O⊗O′P ′. Note
that P is a projective cover ofM as a -module since P/Rad(P )M/Rad(M).
Let  be the Loewy length of P ′/′P ′ viewed as a ¯′-module, and let di be the k′-
dimension of the (i + 1)st top P ′(i)/P ′(i+1) of P ′/′P ′ for 0 i − 1. Choose an O′-
basis
⋃
0 i−1{x′i,j | 1jdi} for P ′ satisfying the conditions in Lemma 1.1. Then,
P ′(i) (0 i− 1) are written as P ′(i) = ′P ′ +
∑−1
s=i O
′〈x′s,t |1 tds〉.
Setting xi,j =1⊗x′i,j ∈ O⊗O′P ′ =P for 0 i−1 and 1jdi , we have anO-basis⋃
0 i−1
{xi,j | 1jdi}
for P satisfying the conditions in Lemma 1.2.Also, P[i] +P (0 i−1) are expressed
as follows:
P[i] + P = 
(
i−1⊕
s=0
O〈xs,t | 1 tds〉
)
⊕
(
−1⊕
s=i
O〈xs,t | 1 tds〉
)
.
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Since P ′/′P ′ (resp. P/P ) is a projective cover of M ′ as a ¯′-module (resp. M as a
¯-module), we have the following short exact sequences:
0 → M ′ → P ′/′P ′ → M ′ → 0, 0 → M → P/P → M → 0.
Let Z′ be the Heller lattice ofM ′. Then we also have the following short exact sequence
0 → Z′ → P ′ → M ′ → 0.
Take another O′-basis {a′i |1 im} ∪ {b′i |1 in} for P ′ so that {′a′i |1 im} ∪{b′i |1 in} is anO′-basis forZ′, {a′i+Z′|1 im} is a k′-basis forP ′/Z′M ′, and {b′i+
′P ′|1 in} is a k′-basis forZ′/′P ′M ′. Put ai=1⊗a′i ∈ O⊗O′P ′ =P (1 im)
and bi = 1⊗ b′i ∈ P (1 in), so
{ai |1 im} ∪ {bi |1 in}
forms an O-basis for P .
Now, we set
Z = P + O〈b1, . . . , bn〉 = O〈a1, . . . ,am〉 ⊕ O〈b1, . . . , bn〉.
Lemma 2.1. With the same notation as above, the following statements hold.
(1) {b′1, . . . , b′n}′ ⊂ Z′ = O′〈b′1, . . . , b′n〉 + ′P ′ ⊆ P ′(1).
(2) {b1, . . . , bn} ⊂ O〈b1, . . . , bn〉+′P ⊆ P[1]+3P . In particular, Z is a-submodule
of P.
(3) O〈b1, . . . , bn〉 + ′P is a -submodule of (P[1] + 3P) ∩ Z.
Proof. Since M ′ = Z′/′P ′,Rad(P ′/′P ′) = P ′(1)/′P ′ and M ′ ⊆ Rad(P ′/P ′), it
follows that O′〈b′1, . . . , b′n〉′ ⊂ Z′ ⊆ P ′(1), which yields (1). Then, (2) follows from (1)
since (3) ⊇ (′) by our assumption, and (3) follows at once by (2). 
P/Z has a k-basis {ai + Z | 1 im} and
P/Z = k〈a1 + Z, . . . , am + Z〉
 k⊗k′k′〈a′1 + Z′, . . . , a′m + Z′〉 = k⊗k′M ′ =M .
Also, Z/P has a k-basis {bi + P | 1 in} and
Z/P = k〈b1 + P, . . . , bn + P 〉M .
Proposition 2.2. (1) Z is the Heller lattice of M.
(2) Set ai=ai+Z ∈ Z/Z (1 im) and bi=bi+Z ∈ Z/Z (1 in). Then
we have the following ¯-decomposition
Z/Z = k〈a1, . . . ,am〉 ⊕ k〈b1, . . . , bn〉M ⊕ M .
Proof. (1) Since Z is the kernel of the natural surjection P → P/ZM , we get the
projective cover ofM viewed as a -module:
0 → Z → P → M → 0.
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(2) Both P and O〈b1, . . . , bn〉 + 2P are -sublattices of Z by Lemma 2.1(3). Since
Z=P + (O〈b1, . . . , bn〉+2P) and P ∩ (O〈b1, . . . , bn〉+2P)=2O〈a1, . . . , am〉+
O〈b1, . . . , bn〉 = Z, we have
Z/Z = P/Z ⊕ (O〈b1, . . . , bn〉 + 2P)/Z
and the assertion holds. 
From now on, put
Q= P
and set
Y = Rad(Q)+ O〈b1, . . . , bn〉.
Then we have the following lemma from Lemma 2.1.
Lemma 2.3. Y is a -submodule of Z and Z/YQ/Rad(Q).
Now, assume that
Z = Z1 ⊕ Z2
is a direct decomposition as-lattices. Let p™ : Z → Z™ be the projections onZ™ (™=1, 2).
Then each p™ (™ = 1, 2) induces a ¯-endomorphism ˆˆp™ ∈ End¯(Z/Y ) by Lemma 1.4. In
fact,
Lemma 2.4. ˆˆp1 and ˆˆp2 are projections of Z/Y with ˆˆp1 + ˆˆp2 = idZ/Y .
By the above lemma, we obtain a ¯-decomposition
Z/Y = ˆˆp1(Z/Y )⊕ ˆˆp2(Z/Y ).
Since Z/YQ/Rad(Q) by Lemma 2.3, we can take generators {ei | 1 ih′} ∪ {ei |h′ +
1 ih} of Q as a -lattice such that { ˆˆp1(ei) | 1 ih′} and { ˆˆp2(ei) |h′ + 1 ih}
generate ˆˆp1(Z/Y ) and ˆˆp2(Z/Y ), respectively. Let i be a primitive idempotent of  such
that eii = ei for 1 ih. Then we have an indecomposable decomposition of Q as -
lattices
Q=
h⊕
i=1
eii.
Let us set
W = Q+ O〈b1, . . . , bn〉.
ThenW is a -submodule of P[1] + 2P by Lemma 2.1(3).
62 S. Kawata / Journal of Pure and Applied Algebra 202 (2005) 55–71
Lemma 2.5. Each p(ei) (1 ih) can be expressed as
p™(ei)= p™(eii )= i + i = ii + ii
for some i = ii ∈ Q\Rad(Q) and some i = ii ∈ W .
Proof. SinceZ=Q+W and { ˆˆp™(ei) | 1 ih} generatesZ/Y =Z/(Rad(Q)+W), each
p™(ei) can be written as p™(ei) = ˜i + ˜i for some ˜i ∈ Q\Rad(Q) and some ˜i ∈ W .
Then, put i = ˜ii ∈ Q\Rad(Q) and i = ˜ii ∈ W . 
Lemma 2.6. Q ⊆ p1(Q)⊕ p2(Q).
Proof. AsQ= [p1 + p2](Q) ⊆ p1(Q)⊕ p2(Q), the assertion holds. 
Lemma 2.7. Q/Rad(Q)=⊕hi=1 i/iRad().
Proof. Since {1, . . . , h} is a set of generators ofQ, we getQ=⊕hi=1 i. This implies
the assertion. 
Since p1(Q) ⊕ p2(Q) = 〈i + i | 1 ih〉 ⊇ Q by Lemma 2.6 and i ∈ Q for all
i (1 ih) by Lemma 2.5, we see that i ∈ p1(Q)⊕ p2(Q) and p1(Q)⊕ p2(Q)=Q+
〈i | 1 ih〉.
Lemma 2.8. Every i lies inQ (1 ih). In particular, we have
(1) p1(Q)⊕ p2(Q)=Q.
(2) p1(Q) and p2(Q) are projective.
(3) Z/(p1(Q)⊕ p2(Q))M .
Proof. First, we note that i = ii ∈ P[1] + 2P for all i (1 ih) by Lemma 2.5. As a
matter of convenience, the th radical of P/P means P/P ={0¯} and P[] +P denotes
P , where  is the Loewy length of P/P . Suppose that i + P lies in the i th radical
(P[i ] +P)/P of P/P (Lemma 1.3), but does not lie in (P[i+1] +P)/P (if i < ).
Note that 1i for all i. Also, i =  if i lies in Q = P , while i <  if i does not
lie inQ= P .
Assume to the contrary that some i does not lie in Q. Let 0 be the smallest number
in {i | 1 ih}. Then 0 is less than . Say i0 = 0, so i0 /∈Q. Since {p™(ei) = i +
i | 1 ih} is a set of generators of p1(Q) ⊕ p2(Q) as a -lattice, we can write i0 =∑h
i=1(i + i )i for some elements i in . Since
0 = i0 + (P[0+1] + P)
=
h∑
i=1
(ii + ii )i + (P[0+1] + P)=
h∑
i=1
iii + (P[0+1] + P)
in the semisimple ¯-module (P[0] + P)/(P[0+1] + P) (Lemma 1.3), we see that
i1i1i1 /∈i1i1Rad() for some i1. (Note that i1i1/i1i1Rad() is isomorphic to
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a direct summand of the (0 + 1)st top (P[0] + P)/(P[0+1] + P) of P/P .) Since
i1i1/i1i1Rad()i1/i1Rad()i1i1/i1i1Rad(), it follows that
0 = i1i1 i1 + (P[1] + 2P)
in the simple ¯-module (i1+P[1] +2P)/(P[1] +2P)i1/i1 Rad(). This forces
that
0 =
h∑
i=1
(i + i )i + (P[1] + 2P)=
h∑
i=1
ii + (P[1] + 2P)
in (Q+P[1] + 2P)/(P[1] + 2P) since (Q+P[1] + 2P)/(P[1] + 2P)Q/Rad(Q)=⊕h
i=1 i/iRad() by Lemma 2.7. However, this contradicts the fact that i0 ∈ P[1] +
2P . 
We are now ready to prove the indecomposability of Heller lattices.
Theorem 2.9. Assume that (3) ⊇ (′) and ¯′/Rad(¯′) is separable. Let M ′ be a ¯′-
module, and setM=k⊗k′M ′. Suppose that M andM are non-projective indecomposable
¯-modules. Then the Heller -lattice Z of M is indecomposable.
Proof. Assume that Z is decomposable. Then we may assume that Z = Z1 ⊕ Z2 with
Z1/Z1M andZ2/Z2M , sinceZ/ZM⊕M by Proposition 2.2(2). Note that
both Z1 and Z2 are non-projective. Let p™ : Z → Z™ (™= 1, 2) be the projections of Z on
Z™. Then by Lemma 2.8(3), we haveMZ/(p1(Q)⊕p2(Q))=Z1/p1(Q)⊕Z2/p2(Q).
Since M is indecomposable, it follows that either Z1 = p1(Q) or Z2 = p2(Q). However,
this contradicts Lemma 2.8(2) since both Z1 and Z2 are non-projective. 
Remark 2.10. Let OG be the group ring of a ﬁnite group G over O. Suppose that p
is a prime number dividing the order of G and (K,O, k) is a p-modular system. If P
is a projective indecomposable OG-lattice, then P/Rad(P ) is a simple kG-module and
Rad(P ) is the Heller lattice of P/Rad(P ). As was mentioned in the introduction, Rad(P )
is indecomposable provided P belongs to an OG-block of inﬁnite representation type [7,
Proposition 3].
In the case where G is a p-group, the Heller lattice of the trivial kG-module kG is
Rad(OG). And, Rad(OG) is decomposable if and only if |G| = p and () = (p) (see, for
example, [3], or [8, Lemma 1.1]).
We conclude this section with the following assertion on vertices of Heller lattices over
group rings.
Proposition 2.11. Let  = OG be the group ring of a ﬁnite group G over O. Assume
that (′) ⊆ (3), and suppose that a non-projective and indecomposable kG-module M is
realizable over k′. Then the Heller lattice Z of M is indecomposable and vx(Z)=Gvx(M).
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Proof. Let S be a vx(M)-source ofM . Consider a short exact sequence 0 → ZS → PS →
S → 0, where an OG-lattice PS is a projective cover of S as an OG-module and ZS is
the Heller lattice of S. Tensoring this sequence with OG over O(vx(M)), we obtain a short
exact sequence of induced OG-modules 0 → Z↑GS → P ↑GS → S↑G → 0. By Schanuel’s
lemma, Z is isomorphic to a direct summand of Z↑GS . Hence we see that vx(Z)Gvx(M).
On the other hand, Proposition 2.2(2) implies that vx(Z)Gvx(M). 
3. Lifting short exact sequences
In this section, we assume that ¯′ is a quasi-Frobenius algebra, and we consider the
lifts of short exact sequences of ¯-modules to those of -lattices. In general a k-algebra
A is said to be a quasi-Frobenius algebra if AA is injective. It is well-known that a k-
algebra A is quasi-Frobenius if and only if AA and Homk(AA, k) have the same distinct
indecomposable components (although possibly with different multiplicities). Note that ¯
is also quasi-Frobenius since ¯¯ = k⊗k′¯′¯′ and Homk(¯¯, k)= k⊗k′Homk′(¯′¯′, k′).
LetM ′ and N ′ be ¯′-modules, and setM = k⊗k′M ′ and N = k⊗k′N ′. Now, put M˙ ′ =
−1N ′ and M˙ =−1N = k⊗k′M˙ ′. We continue to use the same notations in Section 2 for
M and M ′. Similarly, let P˙ (resp. P˙ ′) be the projective cover of M˙ as a -module (resp.
M˙ ′ as a ′-module), and let Z˙, Z˙′ be the Heller lattices of M˙, M˙ ′, respectively. Also, we
can take an O-basis
{a˙i | 1 im˙} ∪ {b˙i | 1 i n˙}
for P˙ such that {a˙i | 1 im˙} ∪ {b˙i | 1 i n˙} is an O-basis for Z˙, {a˙i +Z | 1 im˙} is
a k-basis for P˙ /Z˙M˙=−1N and {b˙i+P˙ | 1 i n˙} is a k-basis for Z˙/P˙M˙=N .
Note that Z/ZM ⊕ M and Z˙/Z˙−1N ⊕N by Proposition 2.2(2).
For f ∈ Hom(Z, Z˙), deﬁne f¯ ∈ Hom¯(Z/Z, Z˙/Z˙) by f¯ (v+Z)=f (v)+Z˙(v ∈
Z). With regard to the decomposition in Proposition 2.2(2), we let iM and iM be the
inclusions fromM and M to Z/Z, respectively.
Proposition 3.1. Let  : M → N be a ¯-homomorphism. Assume that (′) ⊆ (3). Then
there exists a -homomorphism f : Z → Z˙ such that f¯ (M) ⊆ N , f¯ ◦ iM =  and
f¯ ◦ iM = 0.
Proof. Since Hom¯(M,N) = k⊗k′Hom¯′(M ′, N ′),  can be written as  =
∑
i i ⊗ i
(ﬁnite sum) for some i ∈ k and some i ∈ Hom¯′(M ′, N ′), Thus we may assume that
= 1⊗ ′ for some ′ ∈ Hom¯′(M ′, N ′).
PutQ′ =O′〈a1, . . . ,am〉 +O′〈b1, . . . ,bn〉, soQ=O⊗O′Q′. Then, note that Z′ =
′P ′ + O′〈b1, . . . , bn〉 and
M ′ =Q′/(′Q′ + O′〈b1, . . . ,bn〉).
Also, note that Z˙′ = ′P˙ ′ + O′〈b˙1, . . . , b˙n˙〉 and
N ′ = Z˙′/′P˙ ′ = (O′〈b˙1, . . . , b˙n˙〉 + ′P˙ ′)/′P˙ ′.
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Let 1 : Q′ → M ′ and 2 : Z˙′ → N ′ be the natural surjections. Then, since Q′ is
projective, there is a ′-homomorphism f ′ : Q′ → Z˙′ such that ′ ◦ 1 = 2 ◦ f ′.
Now, deﬁne f⊗ ∈ End(Q, Z˙) by f⊗ = idO ⊗ f ′ : Q = O⊗O′Q′ → O⊗O′Z˙′ =
′P˙ + O〈b˙1, . . . , b˙n˙〉 ⊂ Z˙. Since f ′(bi) ∈ ′P˙ ′ = eP˙ ′ ⊆ 3P˙ , f⊗ extends to a -
homomorphism f of Z to Z˙ such that f¯ ◦ iM =  and f¯ ◦ iM = 0. 
LetM : 0 → N → E → M → 0 be a short exact sequence of ¯-modules. Now, the
projective cover 0 → N → PN → N → 0 of N as a ¯-module may be viewed as the
injective hull ofN since PN is also an injective ¯-module. Therefore,M can be regarded
as the pullback of the projective cover of N along some ¯-homomorphism  : M → N .
ΩN

ΩN PN
E M
N
0
0
0
0
pull back
By Proposition 3.1, there exists a -homomorphism f : Z → Z˙ such that f¯ (M) ⊂
N, f¯ ◦ iM =  and f¯ ◦ iM = 0. Suppose that a short exact sequenceZ : 0 → Z˙ →
Ef → Z → 0 of -lattices is the pullback of the projective cover of Z˙ along f .
ΩZ
ΩZ
f
PZ
Ef Z
Z
0
0
0
0
pull back
.
. .
.
Then the reduced exact sequence Z¯ : 0 → Z˙/Z˙ → Ef /Ef → Z/Z → 0
of ¯-modules is the direct sum of the pullbackM and the pullback of the projective cover of
−1N along a 0-map fromM to−1N , which is a split sequence 0 → N → N⊕M →
M → 0. Thus, we have proved
Theorem 3.2. Assume that the ramiﬁcation index e3and ¯′ is a quasi-Frobenius algebra.
LetM : 0 → M1 → M2 → M3 → 0 be a short exact sequence of ¯-modules. Suppose
that M1 and M3 are realizable over k′. Then there exists a short exact sequence L :
0 → L1 → L2 → L3 → 0 of -lattices such that the reduced short exact sequence
L : 0 → L1/L1 → L2/L2 → L3/L3 → 0 is the direct sum ofM and some split
sequence.
4. Almost split sequences for group representations
Let G be a ﬁnite group and p a prime number which divides the order of G. In this
section, we assume that ′ = O′G is the group ring of G over O′ and = O⊗O′′ = OG,
so ¯ and ¯′ are the group algebras kG and k′G, respectively. In addition, we assume that
(K,O, k) is a p-modular system, that is, K is the ﬁeld of fractions of O of characteristic
zero and the residue ﬁeld k = O/() has characteristic p. Note that k′G/Rad(k′G) is
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separable [9, Chapter 3, Lemma 1.28], and k′G is a quasi-Frobenius algebra. Keeping the
assumptions and notations of Sections 2 and 3, we assume further thatM is a non-projective
and indecomposable kG-module, hence the HellerOG-latticeZ ofM is also non-projective
and indecomposable (Theorem 2.9).Wewill show that an almost split sequence terminating
inM is a direct summand of the short exact sequence obtained from an almost split sequence
of OG-lattices terminating in Z by reducing each term mod ().
For f ∈ EndOG(Z), deﬁne f¯ ∈ EndkG(Z/Z) by f¯ (v+Z)=f (v)+Z(v ∈ Z).Also,
with regard to the decomposition in Proposition 2.2(2), iM and iM denote the inclusions
fromM and M to Z/Z, respectively.
Lemma 4.1. Let f be anOG-endomorphism ofZ, so f¯ is a kG-endomorphism ofZ/Z
M ⊕ M .
(1) Suppose that f¯ (M)= 0. Then f is projective.
(2) Suppose that f¯ (M) ⊆ M and f¯ ◦ iM : M → M is projective. Then f is projective.
Proof. (1) From the assumption, f (Q) ⊆ Z. Thus f extends to an OG-homomorphism
fˇ from P to Z. This means that f is the composite map f = fˇ ◦  of fˇ and the inclusion
map  : Z ↪→ P , so f is projective.
(2) Suppose that there are a projectiveOG-latticeU and a sequenceM 1−→U/U 2−→M
of kG-homomorphisms such that f¯ ◦ iM = 2 ◦ 1.
Let  be the natural surjection  : Q → M = Q/(Q + O〈b1, . . . , bn〉). Since Q is
projective, there exists an OG-homomorphism f˘1 : Q → U such that 1 ◦  = v ◦ f˘1,
where v : U → U/U is the natural surjection. We claim that f˘1(O〈b1, . . . , bn〉) ⊆ U
since [1 ◦ ](O〈b1, . . . , bn〉)= 0 in U/U . Hence f˘1 extends to an OG-homomorphism
f1 : Z → U , and f¯1 ◦ iM : M → Z/Z → U/U coincides with 1.
Next, we putW =2P +O〈b1, . . . , bn〉, thenM=W/Z. Since U is projective, there
exists anOG-homomorphism f˘2 : U → W such that ◦f˘2=2◦v, where  : W → W/Z
and v : U → U/U are the natural surjections. Put f2=◦ f˘2 : U → Z, where  : W ↪→ Z
is the inclusion map. Then Im(f¯2) ⊆ W/Z = M and f¯2 : U/U → W/Z(⊂ Z/Z)
coincides with 2.
Now, we deﬁne a projective OG-endomorphism f ! of Z by f ! = f2 ◦ f1. Note that
f¯ ! ◦ iM = f¯ ◦ iM . Therefore, [f − f !](M)= 0 and f − f ! is projective by (1). 
Let pM and pM be the projections of Z/Z on M and M , respectively, with regard
to the decomposition in Proposition 2.2(2).
Lemma 4.2. Let f be anOG-endomorphism ofZ, so f¯ is a kG-endomorphism ofZ/Z
M ⊕ M .
(1) If pM ◦ f¯ ◦ iM is an isomorphism, then so is pM ◦ f r ◦ iM for any integer r1.
(2) If f is not an isomorphism, then neither is pM ◦ f¯ ◦ iM .
Proof. (1) Given a kG-homomorphism : M1 → M2, we have a kG-homomorphism∧ :
M1/Rad(M1) → M2/Rad(M2) deﬁned by∧(w+Rad(M1))=(w)+Rad(M2)(w∈M1).
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Note that (pM ◦f¯ ◦iM)∧ is an isomorphismof the topM/Rad(M) ofM by the assumption
and (pM ◦ f¯ ◦ iM)∧ is a zero-map by Lemma 1.4. Hence it follows that (pM ◦f r ◦ iM)∧ is
an isomorphism ofM/Rad(M) for any integer r1, and so pM ◦f r ◦ iM is an isomorphism
ofM .
(2) Since Z is indecomposable, f r is projective for some r large enough, and so is
pM ◦ f r ◦ iM . In particular, pM ◦ f r ◦ iM is not an isomorphism as M is not projective.
Thus (2) follows by (1). 
Lemma 4.3. Let :M → M bea kG-homomorphism.Then there exists anOG-endomor-
phism f of Z such that f¯ ◦ iM =  and f¯ ◦ iM = 0.
Proof. The assertion follows by Proposition 3.1. 
Following [11, (34.11)Theorem], we construct almost split sequences for group rings.
Let  : M → M be an almost projective kG-homomorphism, that is,  is a generator of
the simple socle of HomkG(M,M)/HomkG(M,M)G1 as an EndkG(M)-module, where
HomkG(M,M)G1 is the set of all projective kG-homomorphisms fromM toM . Then an
almost split sequenceA(M) of kG-modules terminating inM is obtained as the pullback
of the projective cover PM of M along .
Ω2M


Ω2M ΩMPΩM
A M0
0
0
0
pull back
On the other hand, an almost split sequence A(Z) of OG-lattices terminating in Z is
constructed as the pullback of the projective cover PZ of Z along a generator f of the
simple socle of EndOG(Z)/EndOG(Z)G1 , where EndOG(Z)
G
1 is the set of all projective
OG-endomorphisms of Z.
ΩOGZ
ΩOGZ
f
PZ
B Z
Z
0
0
0
0
pull back
Theorem 4.4. Let (K,O, k) ⊃ (K ′,O′, k′) be an extension of p-modular systems and
assume that (3) ⊇ (′). LetM ′ be a k′G-module. Suppose thatM = k⊗k′M ′ is indecom-
posable and non-projective, hence the Heller lattice Z of M is also indecomposable and
non-projective. Let A(Z) : 0 → OGZ → B → Z → 0 be an almost split sequence
of OG-lattices terminating in Z. Then the reduced short exact sequence A(Z) : 0 →
OGZ/OGZ → B/B → Z/Z → 0 of kG-modules is the direct sum of an almost
split sequenceA(M) terminating in M and a split sequence 0 → M → M ⊕ M →
M → 0.
Proof. Let  : M → M be an almost projective kG-homomorphism. Then by [11,
(34.11) Theorem], the pullback of the projective cover PM of M along  is an almost
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split sequenceA(M) terminating inM . By Lemma 4.3, there exists an OG-endomorphism
f of Z such that f¯ ◦ iM =  and f¯ ◦ iM = 0. Let A be the pullback of the projective
cover PZ of Z along f . Then the reduced exact sequenceA of kG-modules is the direct
sum of an almost split sequenceA(M) terminating inM and a split sequence 0 → M →
M ⊕ M → M → 0 from the argument in Section 3. We will show that A is the
almost split sequenceA(Z) terminating in Z.
Let g be an arbitrary non-isomorphic endomorphism of Z. Then by Lemma 4.2(2),
pM ◦g¯◦iM is not an isomorphism.Thus◦(pM ◦g¯◦iM) : M → M ⊂ Z/Z is projective,
as  is almost projective. Also, since pM ◦ g¯ ◦ iM is not an isomorphism by Lemma 1.4,
pM ◦ g¯ ◦ iM : M → M factors through the middle term A( −→M) of the almost split
sequenceA(M), and thus  ◦ (pM ◦ g¯ ◦ iM) : M → M ⊂ Z/Z factors through the
projective cover PM of M . Therefore,  ◦ g¯=  ◦ (pM ◦ g¯ ◦ iM)+  ◦ (pM ◦ g¯ ◦ iM) is
projective, and so f ◦ g satisﬁes the assumption in Lemma 4.1(2). Thus we see that f ◦ g
is projective unless g is an isomorphism. This means that f is almost projective andA is
the almost split sequenceA(Z) terminating in Z. This completes the proof. 
In the following proposition, we consider the reduction of almost split sequences for an
order .
Proposition 4.5. Let L be a non-projective indecomposable lattice over an order  and
A(L) : 0 −→ L −→ C h−→L −→ 0 an almost split sequence of -lattices ter-
minating in L. Suppose that L is not isomorphic to any direct summand of the Heller
lattices of ¯-modules. Then, the reduced exact sequence A(L) : 0 −→ L/L −→
C/C
h¯−→L/L −→ 0 of ¯-modules is split.
Proof. Set M = L/L. We will show that the identity map idM of M factors through the
middle term C/C( h¯−→L/L) ofA(L).
Let Z be the Heller lattice of M and P the projective cover of M as a -module. Put
Q= P . Then Z ⊂ Q ⊂ Z ⊂ P andQ/ZM . Note thatQ/Z is a ¯-submodule of
Z/Z. Let iM : M =Q/Z ↪→ Z/Z be the inclusion map.
Let  : Q → M =Q/Z and v : L → L/L=M be the natural surjections. Since Q
is projective, there exists a -homomorphism q˜ : Q → L such that idM ◦  = v ◦ q˜. As
[idM ◦](Z)= idM({0})={0} ⊂ L/L, it follows that q˜(Z) ⊆ L. Thus q˜ extends to an
-homomorphism q from Z to L. Note that q induces a ¯-homomorphism q¯ : Z/Z →
L/L(=M) with q¯ ◦ iM = idM . Now, since no direct summand of Z is isomorphic to L by
our assumption, q factors through the middle term C( h−→L) of the almost split sequence
A(L). Hence idM factors through h¯ : C/C → L/L. 
We conclude this paper with an example of group rings of cyclic p-groups.
Example 4.6. If G is a cyclic p-group, then kG is a local Nakayama algebra, and in
particular of ﬁnite representation type. We denote by kG the trivial kG-module, and we
write Mi (1 i |G|) for uniserial kG-modules of length i, so M1 = kG is a unique sim-
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ple kG-module and M|G| = kG is a unique projective indecomposable kG-module. Then
{M1, . . . ,M|G|} is a complete set of isomorphism classes of indecomposable kG-modules.
Almost split sequencesA(Mi) terminating in Mi (1 i |G| − 1) are of the form 0 →
Mi → Mi−1 ⊕Mi+1 → Mi → 0, where M0 = 0, and so the Auslander-Reiten quiver of
kG is as follows:
M1 M2 M|G|−1 M|G|
Also, we note that all the kG-modules are realizable over a prime ﬁeld, and so over k′.
In the following argument, we assume that G is a cyclic p-group of order greater than
2. In addition, in the case where p = 3 = |G|, we assume that (3) ⊆ (4). Then OG is
of inﬁnite representation type by Dieterich [4] and our assumption. Since all OG-lattices
are OG-periodic of periodicity at most 2, we see that the stable part of each connected
component of theAuslander-Reiten quiver (OG) of OG is a tube by Happel et al. [5]. Let
Zi(1 i |G| − 1) be the Heller lattices of Mi . Let A(Zi) : 0 → OGZi → Bi →
Zi → 0 (1 i |G| − 1) be almost split sequences of OG-lattices terminating in Zi
andA(Zi) the reduced short exact sequences of kG-modules 0 → OGZi/OGZi →
Bi/Bi → Zi/Zi → 0. Then, since Mi (1 i |G|) are realizable over k′, it follows
that A(Zi) =A(Mi) ⊕Si and A(OGZi) =A(M|G|−i ) ⊕S|G|−i , where Si (resp.
S|G|−i) is a split sequence 0 → M|G|−i → M|G|−i ⊕ M|G|−i → M|G|−i → 0 (resp.
0 → Mi → Mi ⊕Mi → Mi → 0) by Theorem 4.4 and the fact that MiM|G|−i . Also,
we see the following.
Claim. Leti be the connected component of (OG) containing Zi(1 i |G| − 1).
(1) OGZiZ|G|−i (1 i |G| − 1).
(2) OGZiZi (1 i |G| − 1) and the stable part of i (=|G|−i ) is a tube of rank 2
except the case that p = 2 and i = |G|/2. If p = 2 and i = |G|/2, OGZ|G|/2Z|G|/2
and the stable part of|G|/2 is a tube of rank 1.
(3) Suppose that O contains a primitive |G|th root of unity. Then Zi andOGZi(=Z|G|−i )
lie at the end ofi (1 i |G| − 1).
Proof. For the sake of simplicity, we set = OG.
(1) SinceA(Zi)=A(Z|G|−i ), the assertion holds from Theorem 4.4 and Proposition
4.5.
(2) Except the case that p = 2 and i = |G|/2, it follows that A(Zi) = A(Zi) as
MiM|G|−i . So we see that ZiZi . On the other hand, if p = 2 and i = |G|/2, then
A(Z|G|/2)=A(Z|G|/2)=A(M|G|/2)⊕S|G|/2. Thus we see that Z|G|/2Z|G|/2.
(3) From [8, Theorem], we see that Z1(Rad(OG)) andZ1 lie at the end of1. Since
OG is a unique projective indecomposable OG-lattice and lies in1,i (2 i |G| − 2)
do not contain any projectives. As i is a tube of rank at most 2, i can be written as
follows for some indecomposable OG-lattices L1, L2, L3, . . .:
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ΩL3
ΩL2
L3
L2
L1 ΩL1ΩL1
We shall show that Zi is isomorphic to L1 or L1 (2 i |G| − 2).
Suppose that rankOL1 = r and dimkL1/Rad(L1)= t . Then it follows that rankOL1 =
t |G|− r and rankOL2= t |G| since 0 → L1 → L2 → L1 → 0 is a short exact sequence.
Considering inductively the O-ranks of L1, L2, . . . , we see that
rankOL2j−1 = (j − 1)t |G| + r, rankOL2j−1 = j t |G| − r ,
rankOL2j = rankOL2j = j t |G|
for j = 1, 2, . . . . Note that rankOZi = rankOZi = dimk Mi + dimk Mi = |G|.
First of all, we claim that Zi is not isomorphic to L2j−1 nor L2j−1 for j2: Indeed,
if Zi is isomorphic to L2j−1 or L2j−1 for j2, then we have rankOL2j−1 = |G| and
(j − 2)t |G| + r = 0, a contradiction.
Next, we claim thatZi is not isomorphic toL2j norL2j for j2: Indeed, if we assume
that Zi is isomorphic to L2j or L2j for j2, then, it follows that rankOL2j = |G| and
j t |G| = |G|, a contradiction.
Finally, we claim that Zi is not isomorphic to L2 nor L2: Indeed, assume to the con-
trary that Zi is isomorphic to L2 or L2. For a OG-lattice L, we denote by L the ordinary
character afforded by K⊗OL. Since 0 → L1 → L2 → L1 → 0 is exact, we get
L1 +L1 =L2 . Note that L2 =Zi =OG is the unique principal indecomposable char-
acter ofG. Let  be a primitive |G|th root of unity and deﬁne the linear character  ofG=〈g〉
by (g)= . Then it follows that OG =
∑|G|
s=1 
s and L1 = L1 . Hence, letting T be an
OG-lattice affording , we see that L1L1⊗OT as OG-lattices. Now, since rankOT = 1,
tensoring with T induces an graph automorphism of the Auslander-Reiten quiver of OG.
In fact, ifA(L) : 0 → L → C → L → 0 is an almost split sequence, thenA(L)⊗OT :
0 → L⊗OT → C⊗OT → L⊗OT → 0 is also the almost split sequence terminating
in L⊗OT . As L1 and L1⊗OT lie at the ends of tubes andA(L1)⊗OT =A(L1⊗OT ) =
A(L1), we have Zi⊗OTZi . However, this contradicts the fact that Zi⊗OTZi , since
Zi⊗OT is also the Heller lattice of Mi : 0 → Zi⊗OT → OG⊗OT → Mi → 0
(exact). 
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